We introduce a parameter called pointing error thermal sensitivity (PETS) for quantitatively determining the quality of a quadrupolar (QAD) fiber coil under radial temperature variations. We show both analytically and experimentally that the pointing error of a fiber gyro incorporating the fiber coil is linearly proportional to the final radial thermal gradient on the coil, with PETS as the proportional constant. We further show that PETS is linearly proportional to another parameter called effective asymmetric length of the coil. By thermally inducing different radial thermal gradients on the fiber coil and measuring the corresponding pointing errors in a gyroscopic measurement setup, we can confidently determine the PETS of the fiber coil and its associated effective asymmetric length caused by imperfections in coil winding. Consequently, we are able to precisely trim the coil to achieve best thermal performance.
Introduction
It has been more than 35 years since fiber-optic gyroscope (FOG) was first proposed by V. Vali and R. Shorthill [1] . Nowadays, FOGs are in mass production and are widely used in various military and civilian applications [2] [3] [4] , such as in aircrafts, vessels, and land vehicles for precision rotation rate and angle detection. A key component in a FOG is a fiber coil, which must be wound painstakingly with special geometries [5] [6] [7] [8] , such as quadrupolar winding pattern, to reduce a nonreciprocal effect caused by thermal variations known as Shupe effect [9] . Despite a large amount of FOGs have been produced for various applications, the making of good fiber coils still remains a work of art, with large variations in performance for coils made with even the same process. Test standards are available for testing the performance of a whole fiber gyro in operation, including combined contributions from the light source, Y-coupler, passive components, fiber coil, mechanical structure and enclosure, and electronics. However, to the best of authors' knowledge, no published test standards or comprehensive methods are available for testing a fiber coil's performance under temperature variations alone, although some attempts were made to measure coils asymmetry with inconclusive results [10] . Such a test is important for ensuring that good quality fiber coils can be mass produced with good uniformity and efficiency. In order to determine the quality of a coil alone, meaningful test parameters and associated test methods must be defined and developed. Such a parameter can relate to winding imperfections for engineers to find out the root causes of the problem coils, and implement corrective measures or process improvements.
In this paper, we introduce a parameter called pointing error thermal sensitivity (PETS) for quantifying the performance of a quadrupolar fiber coil subject to a time-dependent radial temperature gradient. We show that the pointing error (asymptotic angular error) of a gyro system incorporating the quadrupolar fiber coil is linearly proportional to the final temperature gradient between the inner and outer coil surfaces in the radial direction, with PETS as the proportional constant. We further show that PETS is linearly proportional to a parameter called effective asymmetric length of the fiber coil, caused by imperfections in fiber winding. In addition, by thermally inducing different time-varying radial temperature gradients on the fiber coil (as will be shown in inset b of Fig. 3 ) and measuring the corresponding pointing errors in a gyroscopic measurement setup, we can confidently determine the PETS of the fiber coil and its associated effective asymmetric length. Such parameters can be directly used to trim the fiber coil [7, 11] for better temperature performance, feedback to coil production for improving winding process, or simply be used to quantitatively determine the quality of fiber gyro coils. Finally, we trim multiple coils according to the obtained asymmetric lengths to achieve best thermal performance, and experimentally verify the usefulness and correctness of the PETS definition and the asymmetry length relations.
It should point out that our experiments indicate that the PETS measurement results are robust against environment temperature variations and sensitive only to coil's asymmetry, and therefore is a practical parameter for characterizing the thermal performance of fiber coils, determining the coil asymmetry length, and guiding the coil trimming.
Pointing error caused by time-dependent radial thermal gradient
In this section, we first derive an expression for the angular error of a gyro system incorporating an imperfectly wound fiber coil with a certain length asymmetry. We then introduce and define PETS to describe the performance of the coil against temperature variations, and another parameter called effective asymmetric length to reflect the accumulative winding imperfections.
With the origin of the coordinate located at the fiber coil midpoint s = L/2 (L is the total fiber length), the nonreciprocal phase shift e ϕ ∆ induced by the Shupe effect in the singlemode fiber can be expressed as [12] [13] [14] :
where τ is the transit time of light through the fiber coil, 0 0 2 β π λ = is the wave number, n is the effective refractive index, n T ∂ ∂ is its temperature coefficient, ( , ) T s t t ∂ ∂ is the temperature variation along the fiber, and s and s ′ are distances along the fiber coil. They are both positive, but are measured in opposite directions, with s increasing in the clockwise (CW) direction and s ′ in the counter clockwise (CCW) direction. Accordingly, the rotation rate error induced by a thermal transient is:
where γ is a parameter relating to the thermal coefficient of the fiber and the diameter D of the coil and is defined as:
By integrating the rate error ( ) e t Ω over time, the pointing error (asymptotic angular error) e ψ induced by the temperature variation is obtained as:
dt T s t sds T s t s ds L
where ( , ) ( , ) ( ,0) T s t T s t T s ∆ = − . For a quadrupole-wound coil with 8 layers of fiber shown in Fig. 1(a) , we use full lines labeled A to denote fiber layers winding in the CCW direction and broken lines labeled B to denote the fiber layers winding in the CW direction [7] . As shown in Fig. 1(b) , we use A i and B i to number the fiber layers in CCW and CW directions respectively. The corresponding quadrupolar winding pattern can therefore be described as ABBA-ABBA. In Table 1 .we designate fiber layer numbers and list the height and length of each fiber layer. We examine the case in which the temperature variation is only along the radial direction of the coil, and is independent of the axial position and azimuth angle. Therefore, the temperature on each fiber layer is constant and Eq. (4) can be simplified to the following expression, assuming that the fiber coil is symmetrically wound around coil midpoint, as illustrated in Fig. 2 
(a):
[ ] However, if the coil is not wound perfectly symmetric, the position of the midpoint where two counter propagating light waves meet will change. As shown in Fig. 2(b) , if the CCW wound fiber (denoted by A) is shortened by l, the midpoint for the counter-propagating light waves to meet will move to the longer fiber side (denoted by B) by l/2. In practice, even if the fiber lengths for CCW and CW fiber sections are the same, the optical path lengths may be different due to refractive index variations along the fiber caused by imperfection of the fiber and different stresses on the fiber. Therefore, we introduce a quantity called effective asymmetric length eff l to denote the shortened optical path length of CCW fiber section, which will result in a shift of coil midpoint by 2 eff l fiber length to the CW section. Consequently, the pointing error resulting from such an imperfect coil can be expressed as:
eff eff The total accumulated angular error e ψ (pointing error), which reflects the performance of the fiber coil under a temperature variation, can be determined at thermal equilibrium (t→∞) when the thermally induced nonreciprocity in the fiber coil diminishes. Note that the temperature change ( ) T x ∆ on each layer can be described as follows: 
t T B t s ds T A t T B t s ds L
where
T is the room temperature, and d is the coil width. Substitution of (7) in (5) and (6) 
where 0 e ψ and e ψ are the pointing errors for coils without and with winding induced length asymmetry eff l . It can be shown that for a fiber coil with N layers, the pointing errors caused by a radial temperature variation can be expressed as:
is the overall asymmetric length of the coil to be discussed shortly.
T γ is an important parameter and is named as the pointing error thermal sensitivity (PETS) of the coil. It is directly proportional to coil's asymmetric length, and as will be shown next, it can be obtained experimentally by changing T δ while measuring the pointing error e ψ .
Although a similar equation to Eq. (9a) for a perfect symmetric quadruple-winding coil was obtained previously [8] , it cannot used to evaluate imperfect fiber coils. As will be shown next, Eq. (9b) obtained in this paper is the most important equation for characterizing the symmetry property of a quadruple-winding fiber coil.
It is interesting to notice from Eq. (9c) that for a perfect geometrically symmetric coil ( 0 eff l = ), the thermally induced pointing error is non-zero and decreases quadratically with N. The pointing error can be reduced to zero if an asymmetry ( )
 is purposely introduced. Such an asymmetry is understandable, considering that the "A" portion fiber has two layers at the inner and outer most surfaces, as shown in Fig. 1 and Fig. 5(a) , and they are impacted more by the temperature changes than the "B" layers beneath them. Consequently "A" portion should be shortened to match the temperature effect on the "B" portion by ( )
 is the intrinsic asymmetric length relating to quardruplar winding pattern and can be compensated by trimming "A" portion fiber by the equal amount. For a fiber coil with 8 and 24 layers, the required trimming lengths are 1.78% and 0.18% of the coil length, respectively. Therefore, we introduced an overall coil asymmetric length all l in Eq. (9c) to take into account of both intrinsic and winding asymmetries.
Experimental result and discussions
Three frameless SM fiber coils with conductive potting adhesives are used in this study and all of them were wound with the quadrupolar winding scheme. The coils are approximately 1.25cm in height with an inner diameter of 5.3cm. The total length of fiber on each coil is 240m, producing 24 fiber layers. Each fiber coil is placed in an open-loop gyroscopic setup shown in Fig. 3 to form a complete fiber gyro and to be evaluated for its thermal performance. As shown in insets a) and b), a temperature gradient is applied to a coil in the radial direction such that the fiber in each layer experiences the same temperature. The temperatures both at coil's inner and outer surfaces were monitored with two separate thermocouples. In the experiments, we always keep the lengths of fiber pigtails constant at 2 meters each. A varying temperature gradient on the fiber coil will cause a nonreciprocal phase shift, which will result in rotation rate and pointing errors for a gyro system incorporating the fiber coil. Figure 4(a) shows the rotation rate error of a gyro system in Fig. 3 as a function of time when a temperature gradient shown in the insets of Fig. 3 is applied to the fiber coil. By integrating the rate error ( ) e t Ω over time, the angular error can be obtained, as shown in Fig.  4(b) . It should be pointed out that the angular error signal steadily approaches an asymptotic value e ψ around 1.04 degrees (pointing error), despite large fluctuations of the measured rate error.
Experimental verification of Eq. (9)
Equation (9b) When trimming a coil, we unwrap some turns from the coil outer layer ("A" side or CCW side), as shown in Fig. 5(a) and cut a length of fiber equal to the unwrapped portion to keep the fiber pigtail length constant. The trimming length l is defined positive when cutting fiber from the outer layer ("A" side) of a coil. We trimmed and tested three fiber coils of the same diameter and made with the same fiber. The measured pointing error e ψ of the gyro system incorporating the coils as the function of the trimming length l is shown in Fig. 5(b) . The same temperature profile shown in Fig. 3 was applied to each coil's outer layer and each coil is trimmed at six trimming lengths (l = 0m, 0.5m, 1m, 1.5m, 2m, 2.5m). It is evident that the pointing error is linearly proportional to the trimming lengths l and hence to the effective asymmetry length eff l , agrees well with Eq. (9b). Because the three coils have the same diameters and are made with the same fibers, γ in Eq. (9) are expected to be the same according to Eq. (3). In addition, the temperature gradients applied to the three coils are also the same so that that the slope ( 1) N N T γδ − ⋅ in Eq. (9b) of the three coils are also expected to the same. Indeed, the experimental results in Fig. 5(b) agree well with the prediction of Eq. (9b). It is important to point out that by curve fitting to Eq. (9b) one can obtain T γδ and consequently γ because T δ can be obtained independently in the experiment. 
Determination of coil's pointing error thermal sensitivity and asymmetric length
After verifying Eq. (9) experimentally, we now can confidently use it to determine the pointing error thermal sensitivity (PETS) T γ of a fiber coil and its effective asymmetric length eff l by measuring e ψ at different T δ . Using the setup in Fig. 3 , we applied six different temperature excitation profiles to the outer layer of each coil (TC 2 = 30°C, 40°C, 50°C, 60°C, 70°C, 80°C). The corresponding temperature differences T δ for the three coils are shown in Table 3 . Figure 6 shows the Table 3 . 
Substitution of L = 240m and N = 24 in Eq. (11), we obtain the initial effective asymmetry lengths of the three coils as −4.16m, −3.98m and −3.12m, respectively. The minors sign indicates that the length of "A" portion fiber is longer than that of "B" portion fiber in the coils.
We further measured the pointing error as a function of final temperature gradient of the three coils with different trimming lengths, with the result of coil-2 shown in Fig. 7(a) . Clearly, pointing error is almost insensitive to variations in thermal gradient with a trimming length about 4.5 m, corresponding to a near zero overall asymmetric length. Pointing error starts to increase in the negative direction with the thermal gradient when the coil is over trimmed with a trimming length of 5 m. These results are consistent with the prediction of Eqs. (9b) and (9c). Evidently, PETS is an excellent parameter to quantify the thermal performance of fiber coils: a larger PETS corresponds to a larger overall asymmetric length. The smaller the PETS of a coil, the smaller the thermal induced pointing error of the gyro incorporating the coil. 
, and it agrees with the experimental data reasonably well. 
Summary
In summary, we have proposed and demonstrated a practical approach to quantitatively determine the performance of a fiber gyro coil subject to thermal variations. We show both theoretically and experimentally that the pointing error of a fiber gyro is linearly proportional to its fiber coil's radial thermal gradient, and define the proportional constant as the pointing error thermal sensitivity (PETS) to quantify the thermal performance of fiber coils. In addition, we introduce a parameter called overall asymmetric length of the coil and show that it includes two contributions: one is intrinsic to the coil winding pattern and the other from imperfections made during coil winding. We further show both analytically and experimentally that the asymmetric length is linearly proportional to PETS and can be obtained once PETS is measured by measuring the pointing error as a function of radial thermal gradient. Finally, we prove experimentally that the thermal sensitivity of a fiber coil can be reduced to near zero by trimming the fiber coil by the amount equaling the overall asymmetric length obtained.
Our experiments indicate that the proposed PETS measurement is robust against environment temperature variations and sensitive only to coil's asymmetry, and therefore is a practical parameter for determining the thermal performance of fiber coils, determining the coil asymmetry length, and guiding the coil trimming. More experiments are under the way to quantitatively determine the influence, if any, of environmental temperature on PETS measurements.
